We determine the zeta functions of trinomial curves in terms of Gauss sums and Jacobi sums, and we obtain an explicit formula of the genus of a trinomial curve over a finite field, then we study the conditions for a trinomial curve to be a maximal curve over a finite field.
Introduction
Let C be a projective, non-singular, geometrically irreducible algebraic curve defined over the finite field F q with q elements, let N i be the number of F q i − rational points of C, i.e. N i = #C(F q i ), then the zeta function Z(C/F q ; t) of the curve C is defined as the formal series Z(t) = Z(C/F q ; t) := exp(
André Weil [21] proved that Z(C/F q ; t) =
L(t)
(1−t)(1−qt) with L(t) ∈ Z[t] and deg L(t) = 2g, where g is the genus of C. The numerator L(t) of the zeta function Z(t) is also called the L-polynomial of C/F q . Further results and information about zeta functions over finite fields can be found, e.g., in [20] .
The Hasse-Weil bound for the number of rational points on the curve C of genus g over the finite field F q states that #C(F q ) ≤ q + 1 + 2g √ q. If a curve of genus g over F q 2 attains this bound, then the numerator of its zeta function over F q 2 equals (1 + qt) 2g and the curve is called a maximal curve over F q 2 . A trinomial curve is the curve whose defining equation has precisely three monomials. The zeta function of the trinomial curve of type k 1 x m +k 2 y n +1 = 0 over a finite field F q has been determined by André Weil [22] in 1949.
Some types of trinomial curves as maximal curves have been intensively studied. Gilles Lachaud [12, Propostion 7] proved that the Fermat curve of equation k 1 x m + k 2 y m + 1 = 0, 2 ≤ m, gcd(q, m) = 1 defined over F q is maximal over F q 2 if m|(q + 1). Angela Aguglia etc. [1] proved that the Hurwitz curves of the form x n y + x + y n = 0 with gcd(q, n 2 − n + 1) = 1 is maximal over F q 2 if and only if (n 2 − n + 1)|(q + 1). They also proved that the curve of equation x n y l + x l + y n = 0, where n ≥ l ≥ 2 and gcd(q, n 2 − nl + l 2 ) = 1, is maximal over F q 2 if (n 2 −nl +l 2 )|(q +1). Arnaldo Garcia and Saeed Tafazolian [6] proved that the Fermat curve given by x m + y m = 1 with 2 ≤ m, gcd(q, m) = 1 is maximal over F q 2 if and only if m|(q + 1). In [16] , Saeed Tafazolian and Fernando Torres proved that the curve given by x n + y m = 1 with 2 ≤ m, 2 ≤ n, gcd(q, mn) = 1 is maximal over F q 2 if and only if both integers m and n divide q + 1. They [17] subsequently proved that the curve given by y n = x m + x, where 2 ≤ m, 2 ≤ n, gcd(q, (m−1)n) = 1, n|m, is maximal over F q 2 if and only if (n(m−1))|(q +1).
In this paper, we determine the zeta functions of trinomial curves in terms of Gauss and Jacobi sums, and we obtain an explicit formula of the genus of a trinomial curve over any finite field, then we study the conditions for an trinomial curve to be a maximal curve over the finite field F q 2 .
The main result of this paper is the following theorem. We only state the case 5 of the classification of trinomial curves. The other cases is similar to case 5. We first give some notations. Let p be a prime number, m = p k m ∈ Z, (p, m ) = 1, k ≥ 0, we will denote m by m p and denote the p-adic valuation of Q by v p (·). Let ξ = (ξ 1 , ξ 2 ) be a pair of rational numbers, we denote by µ(ξ) or µ(ξ 1 , ξ 2 ) be the smallest positive integer such that (q µ(ξ) − 1)ξ i ≡ 0 (mod 1) for i = 1, 2. (2) The numerator of the zeta function of the curve C over F q is
2 )χ ξ2 (k −1 1 )g(ψ, χ ξ1 )g(ψ, χ ξ2 )g(ψ, χ −ξ1−ξ2 )U µ(ξ) ).
(3) Suppose further that ((m 1 n + m(n 1 − n))/d) p |(q l + 1) for some l. Then µ(ξ) is even and µ(ξ) = 2(l, µ(ξ)). Let µ(ξ) = 2ν(ξ), then the numerator of the zeta function of the curve C over F q is
the product in (2) and (3) both being taking over all pairs ξ = (ξ 1 , ξ 2 ) satisfying (1.1) but taking only one representative for each set of pairs (q ρ ξ 1 , q ρ ξ 2 ) with 0 ≤ ρ < µ(ξ).
(4) Suppose ((m 1 n + m(n 1 − n))/d) p |(q + 1), i.e. l = 1 in (3). Then C is maximal over F q 2 . Conversely, if C is maximal over F q 2 and g(C) > 0, then ((m 1 n + m(n 1 − n))/d) p |(q 2 − 1).
Note that recently, Saeed Tafazolian and Fernando Torres [18] also studied this Hurwitz type curves using Weierstrass semigroups and Serre's covering. They proved that [18, Proposition 2.3 ] the curve defined by x m1 y n1 +x m +y n = 0 with m, m 1 , n, n 1 ∈ N, m 1 n + m(n 1 − n) ≥ 1, gcd(q, m 1 n + m(n 1 − n)) = 1 is maximal over F q 2 if (m 1 n + m(n 1 − n))|(q + 1). They also showed that [18, Theorem 2.9] , if m, m 1 ≥ 0, n ≥ 2, m ≡ 1 (mod n), δ = m 1 n+m(1−n) ≥ 2, ∆ = δ n ≥ 1, gcd(∆ + 1, n − 1) = 1, then the curve defined by x m1 y + x m + y n = 0 is maximal over F q 2 if and only if (m 1 n + m(1 − n))|(q + 1).
The rest of this paper is organized as follows. In Section 2 trinomial curves are classified into 5 cases and we recall known results about the irreducibility and genus of a trinomial curve. At the end of this section we using Serre's covering [12, Proposition 6 ] to give a simple criticism to find the finite field F q 2 such that a trinomial curve defined over F q is maximal over F q 2 . Section 3 introduces some preliminary details on Gauss and Jacobi sums and the number of solutions in F q of the system of equations x m1 = a 1 , x m2 = a 2 , · · · , x mr = a r which we will use to calculate the zeta function of a trinomial curve in Section 4. We then use the zeta function of a trinomial curve to study when a trinomial curve is a maximal curve in Section 4.
Trinomial curves
In this section we mainly recall some known results about the irreducibility and genus of a trinomial curve. Definition 2.1 Let C be an affine curve over a field K. Suppose the reduced equation F of C has exactly three monomials, we will call C a trinomial curve. Proposition 2.3 Let C be an geometrically irreducible trinomial curve over a field K, and let p = char(K). Then the equation of C is one of the following 5 cases with respect to permutation of variables:
where m, m 1 , n, n 1 are all positive integers, and
Proof.Suppose the homogeneous equation of the curve C is
We can divide it into two cases with respect to permutation of variables:
Thus the homogeneous equation of the irreducible curve C is of the form
The former case can be divided into the following 6 reduced forms with respect to permutation of variables:
3. a 3 = 0, interchange y and z, k 1 y
And from the latter case we can get only one additional reduced form
Therefore, dehomogenization with respect to z gives the following reduced equations of C with respect to permutation of variables:
The other statements follows by Proposition 2.2.
Definition 2.4 A lattice polygon is a polygon with all vertices at points of the lattice of integers. A simple polygon is a closed polygonal chain of line segments in the plane which do not have points in common other than the common vertices of pairs of consecutive segments. Theorem 2.5 (Pick) ([13, Theorem 3.1]) Let P be a simple lattice polygon. Then the area A of polygon P is given by the formula
Where i is the number of lattice points inside P and b is the number of lattice points on the boundary of P including vertices.
Corollary 2.6 Let P be a simple lattice polygon with n vertices
is the positively oriented boundary of P , where a i , b i are integers. Write P n+1 (a n+1 , b n+1 ) = P 1 (a 1 , b 1 ), then the number i(P ) of lattice points inside P is
2 ,
Particularly, the number of lattice points inside a lattice triangle with vertices
Proof.The area of P is
by Green' theorem. The number of lattice points lying on the line segment P i P i+1 including vertices P i , P i+1 is d i,i+1 + 1. Therefore from Pick's theorem the number i(P ) of lattice points inside P is
Denote by Γ(F ) the convex hull of the points
. The set Γ(F ) is called the Newton polygon of F . Let C be a trinomial curve. We denote the Newton polygon of the equation F of C by Γ(C) and denote the number of integral points in the interior of the Newton polygon Γ(C) by i(C).
Proposition 2.8 Let C be an absolute irreducible affine trinomial curve over a field K, and let p = char(K). Then the value of i(C) is listed as follows. 
) and ac + bd − ad, then equality holds.
Proposition 2.11 Let C be the nonsingular model over F q of a geometrically irreducible curve with a homogeneous equation Suppose the matrix A is nonsingular and n is the least positive integer such that two columns of nA −1 are all integers, then C is maximal over finite fields F q 2 with n|(q + 1).
Proof.Suppose
and the first two columns are integers. let ϕ(u, v) = (u b11 v b12 , u b21 v b22 ). We can see that the Fermat curve of the form C : k 1 u n + k 2 v n + 1 = 0 is a covering of the curve given by k 1 x a11 y a12 + k 2 x a21 y a22 + x a31 y a32 = 0 by the morphism ϕ. Since the curve C is maximal over finite fields F q 2 with n|(q + 1), we have C is also maximal over the finite fields by [12, Proposition 6] .
Example 2.12 The curve xy 5 +x 2 y 3 z+z 6 = 0 over F q with 7 q, which belongs to the case (4). Its genus is 3. It's maximal over F q 2 with 7|(q + 1). 
Exponential sum and the number of points
In this section we recall some properties of Gauss and Jacobi sums and develop some preliminary results which will be used in Section 4 to calculate the zeta function of trinomial curves. * a non-trivial additive character of F q , and let a ∈ F q . The Gauss sum is defined by
For a fixed choice of non-trivial ψ and any function f on F * q , say with values in an overfield E of Q(ζ q−1 ), we define its multiplicative Fourier transformf to be the E-valued function on characters given bŷ
The Fourier inversion formula, f (u) = 1 q−1 χχ (u)f (χ) allows us to recover f fromf , where u ∈ F * q . Given two functions f, g on F * q , let u ∈ F * q , then their convolution f * g is the function on F * q defined by
The Fourier transform of the convolution is given by the product of the transforms:
Remark 3.2 Gauss sums are usually defined as (e. g. [4] , [9] , [22] )
These two definitions of Gauss sums are related as follows,
Definition 3.3 Let χ 1 , χ 2 , · · · , χ k be multiplicative characters on a finite field F * q . A Jacobi sum is defined by the formula
where the summation is taken over all k-tuples (t 1 , t 2 , · · · , t k ) of elements of F * q
Remark 3.4 Jacobi sum is usually defined as (e. g. [4] , [9] )
It is easy to see if
Theorem 3.5 Let χ, χ 1 , · · · , χ k be multiplicative characters on a finite field F * q , ψ be a fixed non-trivial additive character of F q and a ∈ F q . Then 1.
2.
if χ is nontrivial and a = 0, −1 if χ is trivial and a = 0, q − 1 if χ is trivial and a = 0,
Proof.We only need to prove the first two case for the first two properties. For the details of the other properties see [4] .
Note that
For the second case, we first show that if χ k = , χ k−1 = , then
In fact,
Note that the value of j 0 isn't affected by the order of χ i 's. Hence if there are s characters are trivial and at least one character is nontrivial, then we can iterate the above result for s times and obtain the required result.
Let
The condition for t i can be divided into the following two cases. One is
The second case for j is similar to that of j 0 , so we omit the proof.
Proof.First, suppose χ 1 , · · · , χ k are all trivial, then χ k+1 is trivial, and
Second, suppose χ 1 , · · · , χ k are all nontrivial. If χ k+1 is nontrivial, then this corollary is true by the above theorem. If χ k+1 is trivial, i.e.
Thus from the former case we have
Finally, suppose there are s characters nontrivial and k-s characters trivial,
From the above theorem, let χ β , χ β1 , χ β2 , χ β3 be multiplicative characters on a finite field F * q and ψ be a fixed non-trivial additive character of F q . Then we have
are not all trivial and χ β1+β2+β3 is trivial, 0 otherwise.
if χ β is trivial and a = 0, 0 if χ β is nontrivial and a = 0, Lemma 3.7 Let χ be multiplicative characters on a finite field F * q and ψ be a fixed non-trivial additive character of F q , and let b ∈ F * q . Then
Lemma 3.8 Let χ 1 , χ 2 be multiplicative characters on a finite field F * q and ψ be a fixed non-trivial additive character of F q , and let
From now on we usually use (m,n) to denote the g. c. d. of m and n. 
, and the latter is equivalent to
Proposition 3.11 Suppose F * q =< ζ >, χ is a multiplicative character of F * q with χ(ζ) = e 2πik q−1 = e 2πiα , and ψ is a fixed non-trivial additive character of F q . Let a ∈ F q , and let m be a positive integer and (m, q − 1) = d. Then
where dβ ≡ 0 (mod 1).
Second, suppose m|(q − 1) and m|k. Let u m = w ∈ F * q , and θ be a primitive mth root of unity in F * q . Then w 
where mβ ≡ 0 (mod 1). Third, suppose m|(q − 1) and m k. Then
Finally we prove the general case by induction on m.
, and θ be a primitive dth root of unity in F * q . Then m 1 < m and d 1 |d. Thus
where dβ ≡ 0 (mod 1). Now let ) and
is the only one solution for γ (mod 1) satisfying equations (
where dγ ≡ 0 (mod 1).
Remark 3.12
The book[4, 1.
, where χ is a character of order k on F q and a ∈ F * q , which is only valid for k|(q − 1). However, the above proposition is already known to I. M. Gel'fand, etc. [7, 9 .2] as a corollary of their Proposition 8.5.
Corollary 3.13 Let χ α , χ β be multiplicative character of F * q and ψ be a fixed non-trivial additive character of F q . Let a ∈ F q , and let m be a positive integer and (m, q − 1) = d. Then
In other words, let
where dγ ≡ 0 (mod 1). Hence the corresponding Fourier inversion formulae are
where
The corresponding Fourier inversion formula is
where β, γ 1 , γ 2 satisfy
Definition 3.14 Let F q be a finite field. We denote the number of solutions in F q of the equation N m1,m2,··· ,mr (a 1 , a 2 , · · · , a r ) , i.e.
Proposition
Proof.If x m1 = a 1 , x m2 = a 2 , · · · , and x mr = a r , then is equivalent to the equality x m1 = a 1 since
Similarly for others. 
, where δ(x, y) = 1 if x = y and zero otherwise.
Proof.From the above proposition, we have 
Zeta function
This section we employ the results developed in the former section to study trinomial curves. We will first calculate the zeta function of a trinomial curve C over a finite field F q , then determine the finite fields F q 2 such that C is maximal over these finite fields.
We consider case 5 before other cases.
Case 5
Suppose C is an irreducible affine curve defined over a finite field F q with equation of the form (5), i. e. x m1 y n1 + k 1 x m + k 2 y n = 0 and m 1 + n 1 > m, m 1 + n 1 > n, and n 1 ≥ m 1 , if m 1 = n 1 then n ≥ m. We will first express the number of points of the curve C over F q as sum of product of Gauss sum and Jacobi sum, then to compute the zeta function of the curve.
Now we divide u, v into 4 cases: Thus we have
2 )j 0 (χ β1 ,χ β2 ,χ β3 ) where apart from the conditions ( * ), the sum satisfies two additional conditions:
Then from the lemma 3.10 we have
where α, δ satisfy
and additionally
due to the property of j 0 . Clearly α i also satisfies (q − 1)α i ≡ 0 (mod 1), hence d i α i ≡ 0 (mod 1) ⇔ d i α i ≡ 0 (mod 1), so we need to consider the following system of linear congruence
Then we have AX ≡ 0 (mod 1). Following the method of [5] or [14] , we can show that
We denote the above equality by U AV = B, then AX ≡ 0 (mod 1)⇔
Then BY ≡ 0 (mod 1), and from X = V Y we have t 1 α 1 − m 1 δ 1 = y 3 , t 2 α 2 − n 1 δ 2 = −y 3 − y 4 and s 1 α 1 + m δ 1 = y 1 + y 2 + y 4 . Let y 3 = θ 2 , −y 3 − y 4 = θ 1 . Then
where θ 1 , θ 2 satisfy (q − 1)θ i ≡ 0 (mod 1) for i = 1, 2 and
For j 0 (χ θ1 , χ θ2 , χ −θ1−θ2 ), we divide it into 5 cases. 3. θ 2 ≡ 0 (mod 1), θ 1 ≡ 0 (mod 1), then j 0 (χ θ1 , χ θ2 , χ −θ1−θ2 ) = −(q − 1)χ θ1 (−1), and from m 1 θ 1 + (m 1 − m)θ 2 ≡ 0 (mod 1), (n 1 − n)θ 1 + n 1 θ 2 ≡ 0 (mod 1), we have m 1 θ 1 ≡ 0 (mod 1), (n 1 − n)θ 1 ≡ 0 (mod 1) and (q − 1)θ 1 ≡ 0 (mod 1), which are equivalent to (m 1 , n 1 − n, q − 1)θ 1 ≡ 0 (mod 1) and θ 1 ≡ 0 (mod 1).
, and from m 1 (θ 1 + θ 2 ) − mθ 2 ≡ 0 (mod 1), (n 1 − n)(θ 1 + θ 2 ) + nθ 2 ≡ 0 (mod 1) and θ 2 ≡ −θ 1 (mod 1), we have mθ 1 ≡ 0 (mod 1), nθ 1 ≡ 0 (mod 1) and (q − 1)θ 1 ≡ 0 (mod 1), which are equivalent to (m, n, q − 1)θ 1 ≡ 0 (mod 1) and θ 1 ≡ 0 (mod 1).
where in the last sum ζ 1 , ζ 2 satisfy (q − 1)ζ i ≡ 0 (mod 1) for i = 1, 2, and 
. Hence we will denote m by m p in the following calculation of zeta function. Now letC be the projective curve given by the equation of the affine curve C. Then the numberN of rational points over F q , on the curveC, is related to the number N byN = N + 2, sinceC has 2 points at infinity, namely [1 : 0 : 0] and [0 : 1 : 0]. We are going to calculate the zeta function of the curveC. We will use the following notation as in [22] : Notation 4.1N v is the number of points of the curveC over the extension of degree v of the ground-field F q . Let α 1 , α 2 , · · · , α r be a set of rational numbers and α i ≡ 0 (mod 1) for i = 1, , · · · , r. We denote by µ = µ(α) = µ(α 1 , α 2 , · · · , α r ) be the smallest positive integer such that (q µ − 1)α i ≡ 0 (mod 1) for 1 ≤ i ≤ r. Suppose χ α1 , χ α2 , · · · , χ αr be multiplicative characters in the extension field k of degree µ(α) of the ground field F q , we denote by χ α i,λ , g(ψ, χ α i,λ ), j(χ α 1,λ , · · · , χ α r,λ ), j 0 (χ α 1,λ , · · · , χ α r,λ ) the corresponding characters and sums for the extension of degree λ of the field k. (mod 1), we can find r characters χ 1 , · · · , χ r on F * q µ(α) such that χ 1 (ω) = e 2πiα1 , · · · , χ r (ω) = e 2πiαr . Using former notation we can denote χ 1 , · · · , χ r by χ α1,ω , · · · , χ αr,ω or χ α1 , · · · , χ αr to omit ω if not confused. Hence whenever we talk about χ α1 , · · · , χ αr on a finite field F * q , we always mean that we have chosen a generator ω of F * q such that χ αi (ω) = e 2πiαi for i = 1, · · · , r.
and ζ i,v ≡ 0 (mod 1), (q v − 1)ζ i,v ≡ 0 (mod 1), for i=1,2, and ζ 1,v + ζ 2,v ≡ 0 (mod 1).
and
and ζ i ≡ 0 (mod 1), v p (ζ i ) ≥ 0, for i=1,2, ζ 1 + ζ 2 ≡ 0 (mod 1) but taking only one representative for each set of pairs (q ρ ζ 1 , q ρ ζ 2 ) with 0 ≤ ρ < µ(ζ 1 , ζ 2 ). Similarly for ξ i .
Hence by [2, Theorem 2.1], the numerator of the zeta function of the nonsingular modelC of the affine curve C is
the product being taking over all ζ = (ζ 1 , ζ 2 ) t satisfying
and ζ i ≡ 0 (mod 1), v p (ζ i ) ≥ 0, for i=1,2, ζ 1 + ζ 2 ≡ 0 (mod 1) but taking only one representative for each set of pairs (q ρ ζ 1 , q ρ ζ 2 ) with 0 ≤ ρ < µ(ζ 1 , ζ 2 ). a 12 , a 21 , a 22 ). Let C be a projective, non-singular, geometrically irreducible algebraic curve defined over a finite field F q , and let p = char(F q ). Suppose the numerator of the zeta function of the curve C is of the form
the product being taking over all ζ = (ζ 1 , ζ 2 ) t satisfying Aζ ≡ 0 (mod 1) and ζ i ≡ 0 (mod 1), v p (ζ i ) ≥ 0, for i=1,2, ζ 1 + ζ 2 ≡ 0 (mod 1) but taking only one representative for each set of pairs (q ρ ζ 1 , q ρ ζ 2 ) with 0 ≤ ρ < µ(ζ 1 , ζ 2 ). And for any such pair (ζ 1 , ζ 2 ), k(ζ 1 , ζ 2 ) is a nonzero complex number. Let m C := max{m ζ : for all pairs ζ = (ζ 1 , ζ 2 ) t in the product of P C (U )}. Then
(1) the genus g(C) of C over F q is
where ||A|| is the absolute value of |A|. , that's to say, we can find matrices U, V ∈
where ζ's in the sum take only one representative for each set of pairs (q ρ ζ 1 , q ρ ζ 2 ) with 0 ≤ ρ < µ(ζ 1 , ζ 2 ), similarly for η. Next we count the sum of µ(ζ) for ζ satisfying Aζ ≡ 0 (mod 1) and ζ 1 ≡ 0 (mod 1), ζ 2 ≡ 0 (mod 1), v p (ζ i ) ≥ 0, for i=1,2, but taking only one representative for each set of pairs (q ρ ζ 1 , q ρ ζ 2 ) with 0 ≤ ρ < µ(ζ 1 , ζ 2 ). Since Aζ ≡ 0 (mod 1), 11 − a 12 , a 21 − a 22 ) p − 1) and
, where ϕ is the Euler function. Thus in the case d > 3 or in the case max{ (a 11 , a 21 ) p , (a 12 , a 22 t satisfying Aζ ≡ 0 (mod 1) and ζ i ≡ 0 
Proof.If i(C) = 0, then g(C) = 0 since g(C) ≤ i(C) by Theorem 2.9. If i(C) > 0, from Proposition 2.8 we know that m 1 n + mn 1 − mn ≥ 0. Next we will show that the form of the numerator of zeta function before Lemma 4.3 has a similar form as in [19] .
Lemma 4.6 [19] Let k be a quadratic extension of the finite field k 0 of q elements. Denote by θ a nontrivial multiplicative character of k * which is trivial on k * 0 and by ψ the standard additive character of k. Then g(ψ, θ) = θ(c)q for some c ∈ k * which satisfies T r k/k0 (c) = 0.
Proposition 4.7 Let A = a 11 a 12 a 21 a 22 be a 2 × 2 matrix with a ij ∈ Z and the determinant |A| = 0. Let ξ = (ξ 1 , ξ 2 ) be a pair of rational numbers such that
for some n. Then µ(ξ) is even and µ(ξ) = 2(n, µ(ξ)). Let µ(ξ) = 2ν(ξ). Then
Proof.The proof is similar to that of Theorem 1 in [19] . We reproduce it here for the convenience of the reader. We know that ( [14] or [8, Chapter 14] 
Now given a pair of rational numbers (ξ 1 , ξ 2 ) satisfies the condition ( * * ), we first show that µ(ξ) is even.
Let m ξ be the smallest positive integer such that m ξ ξ i ≡ 0 (mod 1) for i = 1, 2. Then m ξ |( (na,ϕ(m ξ )) , which implies that µ(ξ) = 2(n, µ(ξ)) and, in particular, that µ(ξ) is even. Now let G be the group of multiplicative characters on F * q µ(ξ) . Let H be the subgroup generated by χ ξ1 , χ ξ2 in G. Then the order |H| of H is the l.c.m. of the orders of χ ξ1 , χ ξ2 in G. Hence |H| = m ξ . Note that ν(ξ) = 1 2 µ(ξ). Next we will show that χ β = 1 on F * q ν(ξ) for all χ β ∈ H. It suffices to show that χ 1
Since ν(ξ) = (n, µ(ξ)), then n ν(ξ) is odd and there exist integers a, b with a odd such that ν(ξ) = an + bµ(ξ). Hence from q n ≡ −1 (mod m ξ ) and
Finally, for a character χ γ on F * q µ(ξ) , if χ γ (ω) = e 2πiγ and γ ≡ 0 (mod 1), then χ γ is a nontrivial multiplicative character on F * q µ(ξ) . It follows that χ ξ1 , χ ξ2 and χ −ξ1−ξ2 are all nontrivial on F * q µ(ξ) . Therefore, from the lemma 4.6 we see that 1
Summarizing the above results we have the following theorem.
Theorem 4.8 Let C be the nonsingular model over F q of the geometrically irreducible curve given by ξ 2 ) be a pair of rational numbers such that
The numerator of the zeta function of the curve C is
(2) Suppose further that ((m 1 n + m(n 1 − n))/d) p |(q l + 1) for some l. Then µ(ξ) is even and µ(ξ) = 2(l, µ(ξ)). Let µ(ξ) = 2ν(ξ), then the numerator of the zeta function of the curve C is
the product in (1) and (2) both being taking over all pairs ξ = (ξ 1 , ξ 2 ) satisfying ( * * * ) but taking only one representative for each set of pairs (q ρ ξ 1 , q ρ ξ 2 ) with 0 ≤ ρ < µ(ξ).
Lemma 4.9 Let m be a positive integer and q be a prime power. Suppose (q, m) = 1 and the order of q in (Z/mZ) * is k, denoted by |q| = k, i. e. k is the least positive integer such that q k ≡ 1 (mod m). Then there exist n such that q n ≡ −1 (mod m) if and only if k is even and q
Proof.It suffices to show that if there exist n such that q n ≡ −1 (mod m), then k is even and q k 2 ≡ −1 (mod m). Since |q| = k and q 2n ≡ 1 (mod m), we have k|2n. If k is odd, then (2, k) = 1, it follows that k|n. Hence q n ≡ 1 (mod m), contrary to the hypothesis. Thus k is even, and from k|2n we have
Definition 4.10 Let C be a projective, non-singular, geometrically irreducible algebraic curve defined over F q . We will call the numerator of the zeta function of C the L− polynomial of C/F q as in [15] , i.e. L(t) := (1 − t)(1 − qt)Z(t), where Z(t) is the zeta function of C.
Proposition 4.11 Let C be a projective, non-singular, geometrically irreducible algebraic curve defined over F q . Suppose the L− polynomial of C/F q has the form:
where ν i are positive integer and µ i = 2ν i for all 1 ≤ i ≤ r. Let n be a positive integer such that µ i = 2(n, µ i ) for all 1 ≤ i ≤ r. Then the curve C is maximal over the finite field F q 2n .
Proof.Since the L-polynomial of C over the finite field
, where g is the genus of the curve C, then the L-
αj is a zero of 1 + q νi t µi = 0 for some ν i . It follows that for each j, α 2νi j = −q νi for some ν i . Hence now it suffices to show that ν i |n and n νi are odd for all ν i . Note that µ i = 2(n, µ i ) and µ i = 2ν i , we have ν i = (n, µ i ) = ν i ( n νi , 2). It follows that ν i |n and n νi are odd for all ν i indeed.
Theorem 4.12 Let C be the nonsingular model of the geometrically irreducible curve defined over F q by
Proof.Taking n = 1, we can show that if p d and ((m 1 n+m(n 1 −n))/d) p |(q+1), then C is maximal over F q 2 by Proposition 4.7 and Proposition 4.11. For the converse, if C is maximal over F q 2 and g(C) > 0, then µ(ξ) = 1 (cf. Theorem 4.8 (1)) for all ξ in the product of the numerator of the zeta function of the curve C over
Other cases

Case 1
For the Fermat curve with equation k 1 x n + k 2 y n + 1 = 0 defined over F q , where k 1 , k 2 ∈ F q , k 1 k 2 = 0, n ≥ 2, it is well-known [12] that if n|(q + 1) then C is maximal over F q 2 .
Let C be the curve given by k 1 x m + k 2 y n + 1 = 0 over F q , where 
Case 2
Let C be an geometrically irreducible affine curve over a finite field F q with equation
Let N be the number of points in F q of the curve C. Put
where θ 1 , θ 2 in the first sum satisfy (q − 1)θ i ≡ 0 (mod 1) for i = 1, 2 and m 0 n n − n 1
Thus similar to the case 5, we have Theorem 4.13 Let C be the nonsingular model over F q of the geometrically irreducible curve given by
be the genus of C over F q . Let ξ = (ξ 1 , ξ 2 ) be a pair of rational numbers such that
(2) The numerator of the zeta function of the curve C over F q is
(3) Suppose further that (m(n − n 1 )/d) p |(q l + 1) for some l. Then µ(ξ) is even and µ(ξ) = 2(l, µ(ξ)). Let µ(ξ) = 2ν(ξ), then the numerator of the zeta function of the curve C over F q is P C (U ) = ξ (1 + q ν(ξ) U µ(ξ) ), the product in (2) and (3) both being taking over all pairs ξ = (ξ 1 , ξ 2 ) satisfying (4.1) but taking only one representative for each set of pairs (q ρ ξ 1 , q ρ ξ 2 ) with 0 ≤ ρ < µ(ξ). 
Case 3
Let C be an geometrically irreducible affine curve over a finite field 
2 )g(ψ, χ ξ1 )g(ψ, χ ξ2 )g(ψ, χ −ξ1−ξ2 )U µ(ξ) ).
(3) Suppose further that (m 1 n/d) p |(q l + 1) for some l. Then µ(ξ) is even and µ(ξ) = 2(l, µ(ξ)). Let µ(ξ) = 2ν(ξ), then the numerator of the zeta function of the curve C over F q is P C (U ) = ξ (1 + q ν(ξ) U µ(ξ) ), the product in (2) and (3) both being taking over all pairs ξ = (ξ 1 , ξ 2 ) satisfying (4.3) but taking only one representative for each set of pairs (q ρ ξ 1 , q ρ ξ 2 ) with 0 ≤ ρ < µ(ξ). 
Case 4
Let C be an geometrically irreducible affine curve over a finite field F q with equation k 1 x m1 y n1 +k 2 x m y n +1 = 0, where k 1 k 2 ∈ F * q , m 1 +n 1 ≥ m+n, 
(3) Suppose further that ((mn 1 − m 1 n)/d) p |(q l + 1) for some l. Then µ(ξ) is even and µ(ξ) = 2(l, µ(ξ)). Let µ(ξ) = 2ν(ξ), then the numerator of the zeta function of the curve C over F q is P C (U ) = ξ (1 + q ν(ξ) U µ(ξ) ), the product in (2) and (3) both being taking over all pairs ξ = (ξ 1 , ξ 2 ) satisfying (4.3) but taking only one representative for each set of pairs (q ρ ξ 1 , q ρ ξ 2 ) with 0 ≤ ρ < µ(ξ). 
